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By an Alexandroff space (see [1]) we mean a space such that
every point has a minimal open neighborhood. This is also
equivalent to the fact that the intersection of every family of
open sets is open (and using de Morgan’ s laws to the fact that
all unions of closed sets are closed).
A topological space X is called countable if the set X is
countable. In what follows we denote by X= {x1,x2, . . .} an
Alexandroff countable space and by Ui the smallest open set
of X containing the point xi, i= 1,2, . . .. Also, we denote by
x the ﬁrst inﬁnite cardinal.0997404.
tras.gr (D.N. Georgiou), se-
master.math.upatras.gr (A.C.
tian Mathematical Society.
g by Elsevier
ing by Elsevier B.V. on behalf of E
2.015Let X= {x1,x2, . . .} be an Alexandroff space. The x · x
matrix T= (tij), where
tij ¼
1; if xi 2 Uj
0; otherwise

is called the incidence matrix of X. We observe that
Uj ¼ fxi : tij ¼ 1g; j ¼ 1; 2; . . . :
We denote by c1,c2, . . . the columns of the matrix T and by 1
the x · 1 matrix with all elements equal to one, that is,
1 ¼
1
1
..
.
0
B@
1
CA:
Letci ¼
c1i
c2i
..
.
0
BB@
1
CCA and cj ¼
c1j
c2j
..
.
0
BB@
1
CCAgyptian Mathematical Society. Open access under CC BY-NC-ND license.
312 D.N. Georgiou et al.be two x · 1 matrices. Then, by maxci we denote the maxi-
mum of the set {c1i,c2i, . . .} (if there exists) and by ci + cj the
x · 1 matrix
ci þ cj ¼
c1i þ c1j
c2i þ c2j
..
.
0
BB@
1
CCA:
Also, we write ci 6 cj if only if cki 6 ckj for each k= 1,2, . . ..
For the following notions see for example [2] or [8].
Let X be a space. A cover of X is a non-empty set of subsets
of X, whose union is X.
A family r of subsets of X is said to be a reﬁnement of a
family c of subsets of X if each element of r is contained in
an element of c.
Deﬁne the order of a family r of subsets of a space X as
follows:
(a) ord(r) = 1 if and only if r= {;}.
(b) ord(r) = k, where k 2 x, if and only if the intersection of
any k+ 2 distinct elements of r is empty and there exist
k+ 1 distinct elements of r, whose intersection is not
empty.
(c) ord(r) =1, if and only if for every k 2 x there exist k
distinct elements of r, whose intersection is not empty.
We denote by dim the function, called covering dimension,
with domain the class of all spaces and range the set
x [ {1, 1}, satisfying the following condition: dim(X) 6 k,
where k 2 {1} [ x if and only if for every ﬁnite open cover
c of the space X there exists a ﬁnite open cover r of X, reﬁne-
ment of c, such that ord(r) 6 k.
In [3,7] the authors gave algorithms for computing dimen-
sions of the type dim for a ﬁnite topological space using matrix
algebra. In this paper we study dimensions of the type dim for
the class of all Alexandroff countable topological spaces. In
particular, in Sections 2 and 3 we study the classical covering
dimension dim and the relative covering dimension r-dim for
the class of all Alexandroff countable topological spaces. Fi-
nally, in Section 4 we give some open problems.2. Alexandroff spaces and covering dimension dim
Proposition 2.1. Let X = {x1,x2, . . .} be an Alexandroff count-
able space. Suppose that X has at least a ﬁnite cover
fUi1 ; . . . ;Uilg. Then, dim(X) 6 k, where k 2 x if and only if
there exists an open cover fUj1 ; . . . ;Ujmg of X such that
ordðfUj1 ; . . . ;UjmgÞ 6 k.
Proof. Let dim(X) 6 k, where k 2 x. We prove that there
exists an open cover fUj1 ; . . . ;Ujmg of X such that
ordðfUj1 ; . . . ;UjmgÞ 6 k. Let
m ¼ minfm 2 x : there exist j1; . . . ; jm 2 f1; 2; . . .g such that
fUj1 ; . . . ;Ujmg is an open cover of Xg
and c ¼ fUj1 ; . . . ;Ujmg be an open cover of X. Since
dim(X) 6 k, there exists an open cover r= {V1, . . . ,Vl} of X,
reﬁnement of c, such that ord(r) 6 k. For the proof of the
proposition it sufﬁces to prove that c ˝ r. We suppose thatthere exists a 2 {1, . . . ,m} such that Uja R r. Since r is a cover
of X, there exists b 2 {1, . . . ,l} such that xja 2 Vb. By the fact
that Uja is the smallest open set of X containing the point xja we
have that Uja #Vb. Also, since Uja R r, we have Uja–Vb. There-
fore, Uja  Vb. Since r is a reﬁnement of c, there exists
c 2 {1, . . . ,m} such that Vb#Ujc . Hence, Uja  Ujc . We observe
that the family c n fUjag is an open cover of X with m  1 ele-
ments, which is a contradiction by the choice of m. Thus, c ˝ r.
Conversely, we suppose that there exists an open cover
fUj1 ; . . . ;Ujmg of X such that ordðfUj1 ; . . . ;UjmgÞ 6 k and we
prove that dim(X) 6 k. Indeed, let c be a ﬁnite open cover of
the space X. It sufﬁces to prove that the open cover
fUj1 ; . . . ;Ujmg of X is a reﬁnement of c. For every
i 2 {1,2, . . .} there exists Vi 2 c such that xi 2 Ui ˝ Vi. This
means that the open cover {U1,U2, . . .} of X is a reﬁnement of
c. Since fUj1 ; . . . ;Ujmg# fU1;U2; . . .g, we have that the open
cover fUj1 ; . . . ;Ujmg of X is a reﬁnement of c.
In the following propositions we suppose that
X= {x1,x2, . . .} is an Alexandroff space, T= (tij), i,
j 2 {1,2, . . .}, the incidence matrix of X, and c1,c2, . . ., the
columns of the matrix T. h
Proposition 2.2. If cj = 1 for some j 2 {1,2, . . .}, then
dim(X) = 0.
Proof. Since cj = 1, we have tij = 1 for every i= 1,2, . . . and,
therefore,
Uj ¼ fxi : tij ¼ 1g ¼ fx1; x2; . . .g ¼ X:
Thus, the family {Uj} is an open cover of X. Since or-
d({Uj}) = 0, by Proposition 2.1, we have dim(X) = 0. h
Lemma 2.3. Let fUi1 ; . . . ;Uilg be an open cover of X,
m ¼ minfm 2 x : there exist j1; . . . ; jm
2 f1; 2; . . .g such that fUj1 ; . . . ;Ujmg is an open cover of Xg;
and fUj1 ; . . . ;Ujmg an open cover of X. Then,
fUj1 ; . . . ;Ujmg# fUi1 ; . . . ;Uilg:
Proof. The proof is similar to that of Proposition 2.1. h
Proposition 2.4. Let cji , i = 1, . . . , m, be m columns of the
matrix T such that cj1 þ    þ cjm P 1. If cr1 þ    þ crqj1 for
every q< m, and r1, . . . , rq, then
dimðXÞ ¼ maxðcj1 þ    þ cjmÞ  1:
Proof. Since cj1 þ    þ cjm P 1, the family fUj1 ; . . . ;Ujmg is an
open cover of X. Indeed, it sufﬁces to prove that
X#Uj1 [    [Ujm . Let xi0 2 X. Then, by the deﬁnition of
the matrix T and by the assumption cj1 þ    þ cjm P 1, there
exists j 2 {1, . . . ,m} such that ti0 jj ¼ 1. Since Ujj ¼
fxi : tijj ¼ 1g, we have xi0 2 Ujj . Thus, X#Uj1 [    [Ujm .
Let k ¼ maxðcj1 þ    þ cjmÞ. Then,
ordðfUj1 ; . . . ;UjmgÞ ¼ k 1:
Dimensions of the type dim and Alexandroff spaces 313Indeed, we observe that k is a positive integer larger than or
equal to 1. Since maxðcj1 þ    þ cjmÞ ¼ k, by the deﬁnition of
the matrix T, there exist i0 2 {1,2, . . .} and jqk 2 fj1; . . . ; jmg,
k= 1, . . . ,k, such that ti0 jq1 þ    þ ti0 jqk ¼ k and, therefore,
ti0 jqk ¼ 1 for every k= 1, . . . ,k. This means that xi0 2 Ujqk for
every k= 1, . . . ,k and, hence, Ujq1 \    \Ujqk–;. Also, we ob-
serve that, since k is the maximum element of the x · 1 matrix
cj1 þ    þ cjm , the intersection of any k+ 1 distinct elements
of fUj1 ; . . . ;Ujmg is empty. Thus, ordðfUj1 ; . . . ;UjmgÞ ¼ k 1.
By Proposition 2.1, dim(X) 6 k  1. We prove that
dim(X) = k  1. We suppose that dim(X) < k  1. Then, by
Proposition 2.1, there exists an open cover fUr1 ; . . . ;Urlg of X
with ordðfUr1 ; . . . ;UrlgÞ < k 1. Since cj1 þ    þ cjm P 1 and
cr1 þ    þ crqj1 for every q< m, and r1, . . . , rq, we have
m ¼ minft 2 x : there exist j1; . . . ; jt 2 f1; 2; . . .g such that
fUj1 ; . . . ;Ujtg is an open cover of Xg:
Indeed, it sufﬁces to prove that if the family fUr1 ; . . . ;Urqg
is an open cover of X, then cr1 þ    þ crq P 1. For every
i 2 {1,2, . . .} there exists j(i) 2 {1, . . . ,q} such that xi 2 UrjðiÞ .
Therefore, by the deﬁnition of the matrix T, tirjðiÞ ¼ 1. Thus,
every element of the x · 1 matrix cr1 þ    þ crm is larger or
equal to 1, which means that cr1 þ    þ crl P 1.
By Lemma 2.3, we have fUj1 ; . . . ;Ujmg# fUr1 ; . . . ;Urlg.
SinceordðfUj1 ; . . . ;UjmgÞ ¼ k 1;
we have ordðfUr1 ; . . . ;UrlgÞP k 1 which is a contradiction.
Thus, dim(X) = k  1. h
Example 2.5.
(1) Let (X, s) be the Alexandroff countable topological
space, where X= {1,2,3, . . .} and s= {;, {1,2}, {2},
{2,3,4, . . .}, X}. We observe that U1 = {1,2},
U2 = {2}, U3 = U4 =   = {2,3,4, . . .}. Therefore,T ¼
1 0 0 0 0 0 0   
1 1 1 1 1 1 1   
0 0 1 1 1 1 1   
0 0 1 1 1 1 1   
0 0 1 1 1 1 1   
0 0 1 1 1 1 1   
..
. ..
. ..
. ..
. ..
. ..
. ..
.
0
BBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCA
:
We have that cjl 1 for every j= 1,2, . . .,
c1 þ c3 ¼
1
2
1
1
1
1
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
P
1
1
1
1
1
1
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
¼ 1;and max(c1 + c3) = 2. Thus,
dimðXÞ ¼ maxðc1 þ c3Þ  1 ¼ 2 1 ¼ 1:
(2) Let X
¼ 1; 1
2
;
1
3
;
1
4
; . . .
 
;W 1 ¼ 1; 1
4
;
1
5
;
1
6
; . . .
 
;W 2
¼ 1
2
;
1
4
;
1
5
;
1
6
; . . .
 
, and
Wi ¼ 1
i
;
1
iþ 1 ;
1
iþ 2 ;
1
iþ 3 ; . . .
 
; i ¼ 3; 4; 5; . . . :
We consider the Alexandroff countable topological space
(X, s), where s is the topology generated by the familyf;;W1;W2;W3; . . . ;Xg:
We observe that Ui =Wi, i= 1,2,3, . . .. Therefore,
T ¼
1 0 0 0 0 0 0 0   
0 1 0 0 0 0 0 0   
0 0 1 0 0 0 0 0   
1 1 1 1 0 0 0 0   
1 1 1 1 1 0 0 0   
1 1 1 1 1 1 0 0   
1 1 1 1 1 1 1 0   
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
:
We have that cjl 1 for every j= 1,2, . . ., cj1 þ cj2j1 for every
j1, j2 = 1,2, . . . with j1 „ j2,
c1 þ c2 þ c3 ¼
1
1
1
3
3
3
3
..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
P
1
1
1
1
1
1
1
..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
¼ 1;
and max(c1 + c2 + c3) = 3. Thus,
dimðXÞ ¼ maxðc1 þ c2 þ c3Þ  1 ¼ 3 1 ¼ 2:
Proposition 2.6. Let X = {x1,x2, . . .} be an Alexandroff count-
able space and fUj1 ; . . . ;Ujng an open cover of X, where n> 1.
Then, dim(X) 6 n  1.
Proof. The family fUj1 ; . . . ;Ujng has n elements and, therefore,
ordðfUj1 ; . . . ;UjngÞ 6 n 1:
Thus, by Proposition 2.1, dim(X) 6 n  1. h
Remark 2.7. We note that the inequality dim(X) 6 n  1 in
Proposition 2.6 cannot be replaced by the inequality
dim(X) < n  1 (see Example 2.8).
Example 2.8. Let Q ¼ fx1; x2; . . .g be the set of the rational
numbers. We consider on Q the following topology
314 D.N. Georgiou et al.sn ¼ fU#Q : fxnþ1; xnþ2; xnþ3; . . .g#Ug [ f;g;
where n is a ﬁxed natural number. We observe that
U1 ¼ fx1g [ fxnþ1; xnþ2; xnþ3; . . .g;
U2 ¼ fx2g [ fxnþ1; xnþ2; xnþ3; . . .g;
  
Un ¼ fxn; xnþ1; xnþ2; . . .g:
Also, the family {U1, . . . ,Un} is an open cover of Q. Thus, by
Proposition 2.6, dimðQÞ 6 n 1. We prove that
dimðQÞ ¼ n 1. Indeed, the incidence matrix of Q is the fol-
lowing matrix:
The symbol * denotes the n-row and the n-column of the ma-
trix T.It is easy to see that cj1 þ    þ cjmj1 for every distinct
elements j1, . . . , jm of the set {1,2, . . .} with m< n,
c1 þ    þ cn ¼
1
1
1
..
.
1
n
n
n
..
.
0
BBBBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCCCA
P
1
1
1
..
.
1
1
1
1
..
.
0
BBBBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCCCA
¼ 1;
and max(c1 +   + cn) = n. Thus,
dimðQÞ ¼ maxðc1 þ    þ cnÞ  1 ¼ n 1:3. Alexandroff spaces and relative covering dimension r-dim
The ‘‘relative dimensions’’ or ‘‘positional dimensions’’ are
functions whose domains are classes of subsets. By a class of
subsets we mean a class consisting of pairs (Q, X), where Q
is a subset of a space X.
Deﬁnition 3.1 (See [4]). We denote by r-dim the (unique)
function with domain the class of all subsets and range the set
x [ {1, 1} satisfying the following condition r-dim(Q,
X) 6 n, where n 2 {1} [ x if and only if for every ﬁnite
family c of open subsets of X such that Q ˝ [ {U: U 2 c} there
exists a ﬁnite family r of open subsets of X reﬁnement of c such
that Q ˝ [ {V: V 2 r} and ord(r) 6 n.We present some propositions concerning the dimension r-
dim of a pair (Q, X), where Q is a subset of an Alexandroff
countable space X.
Proposition 3.2. Let X = {x1,x2, . . .} be an Alexandroff count-
able space and Q ¼ fxi1 ; xi2 ; . . .g#X. Suppose that there exists
at least a ﬁnite family fUr1 ; . . . ;Urlg such that fxr1 ; . . . ; xrlg#
Q#Ur1 [    [Url . Then, r-dim(Q, X) 6 k, where k 2 x if and
only if there exists a family fUj1 ; . . . ;Ujmg such that
fxj1 ; . . . ; xjmg#Q#Uj1 [    [Ujm
and ordðfUj1 ; . . . ;UjmÞ 6 k.
Proof. Let r-dim(Q, X) 6 k, where k 2 x. We prove that there
exists a family fUj1 ; . . . ;Ujmg such that fxj1 ; . . . ; xjmg#
Q#Uj1 [    [Ujm and ordðfUj1 ; . . . ;UjmÞ 6 k. Let
m ¼ minfm 2 x : there exist j1; . . . ; jm 2 f1; 2; . . .g such that
fxj1 ; . . . ;xjmg#Q#Uj1 [ . . . [Ujmg
and c ¼ fUj1 ; . . . ;Ujmg be a family such that
fxj1 ; . . . ; xjmg#Q#Uj1 [    [Ujm :
Since r-dim(Q, X) 6 k, there exists a family r= {V1, . . . ,Vl} of
open subsets of X reﬁnement of c such that Q ˝ V1 [    [ Vl
and ord(r) 6 n. Clearly, it sufﬁces to prove that
fUj1 ; . . . ;Ujmg# r. Indeed, we suppose that there exists
a 2 {1, . . . ,m} such that Uja R r. Since xja 2 Q, there exists
b 2 {1, . . . ,l} such that xja 2 Vb. By the fact that Uja is the
smallest open set of X containing the point xja we have that
Uja #Vb. Also, since Uja R r, we have Uja–Vb. Therefore,
Uja  Vb. Since r is a reﬁnement of c, there exists c 2 {1, . . . ,m}
such that Vb#Ujc . Hence,
Uja  Ujc :
We observe that Q# ðUj1 [    [UjmÞ nUja , which is a contra-
diction by the choice of m. Thus, c ˝ r.
Conversely, we suppose that there exists a family
fUj1 ; . . . ;Ujmg such that fxj1 ; . . . ; xjmg#Q#Uj1 [    [Ujm
and ordðfUj1 ; . . . ;UjmgÞ 6 k. We prove that r-dim(Q, X) 6 k.
Indeed, let c be a ﬁnite family of open subsets of X such that
Q ˝ [ {U: U 2 c}. It sufﬁces to prove that the family
fUj1 ; . . . ;Ujmg is a reﬁnement of c. For every k 2 {1,2, . . .}
there exists Vk 2 c such that xik 2 Uik #Vik . This means that
the family fUi1 ;Ui2 ; . . .g is a reﬁnement of c. Since
fUj1 ; . . . ;Ujmg# fUi1 ;Ui2 ; . . .g, we have that the family
fUj1 ; . . . ;Ujmg is a reﬁnement of c.
Note. In the following propositions we suppose that
X= {x1,x2, . . .} is an Alexandroff space, Q ˝ X, T= (tij), i,
j 2 {1,2, . . .}, the incidence matrix of X, and c1,c2, . . ., the
columns of the matrix T. We denote by 1Q the x · 1 matrix
a1
a2
..
.
0
BB@
1
CCA;
where
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1; if xi 2 Q
0; otherwise:

h
Proposition 3.3. If cj = 1Q and xj 2 Q for some j 2 {1, 2, . . .},
then r-dim(Q, X) = 0.
Proof. Since cj = 1Q, we have tij = 1 for every xi 2 Q and,
therefore, Q ˝ Uj. Since ord({Uj}) = 0, by Proposition 3.2,
we have r-dim(Q, X) = 0. h
Lemma 3.4. Let fxi1 ; . . . ; xilg#Q# fUi1 ; . . . ;Uilg,
m ¼ minfm 2 x : there exist j1; . . . ; jm
2 f1; . . . ; ng such that fxj1 ; . . . ; xjmg#Q#Uj1 [ . . . [Ujmg;
and fxj1 ; . . . ; xjmg#Q# fUj1 ; . . . ;Ujmg. Then,
fUj1 ; . . . ;Ujmg# fUi1 ; . . . ;Uilg:
Proof. The proof is similar to that of Proposition 3.2. h
Proposition 3.5. Let cji , i = 1, . . . , m, be m columns of the
matrix T such that cj1 þ    þ cjm P 1Q and fxj1 ; . . . ; xjmg#Q.
If cr1 þ    þ crqj1Q for every fxr1 ; . . . ; xrqg#Q and q< m,
then
r-dimðQ;XÞ ¼ maxðcj1 þ    þ cjmÞ  1:Proof. Since cj1 þ    þ cjm P 1Q, we have Q# fUj1 ; . . . ;Ujmg.
Indeed, let xi0 2 Q. By the deﬁnition of the matrix T and by
the assumption cj1 þ    þ cjm P 1Q, there exists j 2 {1, . . . ,m}
such that ti0 jj ¼ 1. Since Ujj ¼ fxi : tijj ¼ 1g, we have xi0 2 Ujj .
Thus, Q#Uj1 [    [Ujm .
Let k ¼ maxðcj1 þ    þ cjmÞ. Then,
ordðfUj1 ; . . . ;UjmgÞ ¼ k 1:
Indeed, we observe that k is a positive integer larger than or
equal to 1. Since maxðcj1 þ    þ cjmÞ ¼ k, by the deﬁnition of
the matrix T, there exist i0 2 {1,2, . . .} and jqk 2 fj1; . . . ; jmg,
k= 1, . . . ,k, such that ti0 jq1 þ    þ ti0 jqk ¼ k and, therefore,
ti0 jqk ¼ 1 for every k= 1, . . . ,k. This means that xi0 2 Ujqk for
every k= 1, . . . ,k and, hence, Ujq1 \    \Ujqk–;. Also, we ob-
serve that, since k is the maximum element of the x · 1 matrix
cj1 þ    þ cjm , the intersection of any k+ 1 distinct elements
of fUj1 ; . . . ;Ujmg is empty. Thus, ordðfUj1 ; . . . ;UjmgÞ ¼ k 1.
By Proposition 3.2, r-dim(Q, X) 6 k  1. We prove that r-
dim(Q, X) = k  1. We suppose that r-dim(Q, X) < k  1.
Then, by Proposition 3.2, there exists a family fUr1 ; . . . ;Urlg
such that
fxr1 ; . . . ; xrlg#Q#Ur1 [ . . . [Url
and
ordðfUr1 ; . . . ;UrlgÞ < k 1:Since cj1 þ    þ cjm P 1Q and cr1 þ    þ crqj1Q for every
fxr1 ; . . . ; xrqg#Q and q< m, we have
m ¼ minft 2 x : there exist j1; . . . ; jt
2 f1; . . . ; ng such that fxj1 ; . . . ; xjtg#Q#Uj1 [ . . . [Ujtg:
Indeed, it sufﬁces to prove that if Q#Ur1 [ . . . [Urq , then
cr1 þ    þ crq P 1Q. For every xi 2 Q there exists
j(i) 2 {1, . . . ,q} such that xi 2 UrjðiÞ . Therefore, by the deﬁni-
tion of the matrix T, tirjðiÞ ¼ 1. Thus, cr1 þ    þ crq P 1Q.
By Lemma 3.4 we have fUj1 ; . . . ;Ujmg# fUr1 ; . . . ;Urlg.
Since
ordðfUj1 ; . . . ;UjmgÞ ¼ k 1;
we have
ordðfUr1 ; . . . ;UrlgÞP k 1
which is a contradiction. Thus, r-dim(Q, X) = k  1. h
Example 3.6. Let (X, s) be the Alexandroff countable topolog-
ical space, where X= {1,2,3, . . .} and
s¼f;;f1g;f1;2;5;8;11; . . .g;f1;3;6;9;12; . . .g;f1;4;7;10;13 . . .g;
f1;2;3;5;6;8;9;11;12; . . .g;f1;2;4;5;7;8;10;11;13; . ..g;
f1;3;4;6;7;9;10;12;13; . . .g;Xg:
We observe that
U1 ¼ f1g;
U2 ¼ U5 ¼ U8 ¼ U11 ¼    ¼ f1; 2; 5; 8; 11; . . .g;
U3 ¼ U6 ¼ U9 ¼ U12 ¼    ¼ f1; 3; 6; 9; 12; . . .g;
U4 ¼ U7 ¼ U10 ¼ U13 ¼    ¼ f1; 4; 7; 10; 13; . . .g:
Therefore,
T ¼
1 1 1 1 1 1 1 1 1 1   
0 1 0 0 1 0 0 1 0 0   
0 0 1 0 0 1 0 0 1 0   
0 0 0 1 0 0 1 0 0 1   
0 1 0 0 1 0 0 1 0 0   
0 0 1 0 0 1 0 0 1 0   
0 0 0 1 0 0 1 0 0 1   
..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
. ..
.
0
BBBBBBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCCCCCA
:
We consider as Q the set of prime numbers. Then, we have
1Q ¼
1
1
1
0
1
0
1
..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
:
It is easy to see that cjl 1Q for every prime number
j; cj1 þ cj2j1Q for every prime numbers j1, j2 with j1 „ j2,
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3
1
1
1
1
1
1
..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
P
1
1
1
0
1
0
1
..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
¼ 1Q;
and max(c3 + c5 + c7) = 3. Thus,
r-dimðQ;XÞ ¼ maxðc3 þ c5 þ c7Þ  1 ¼ 3 1 ¼ 2:
Proposition 3.7. Let X = {x1,x2, . . .} be an Alexandroff count-
able space and Q ˝ X, where ŒQŒ=m 2 x. Then,
r-dimðQ;XÞ 6 m 1:
Proof. Let Q ¼ fxj1 ; . . . ; xjmg. The family fUj1 ; . . . ;Ujmg has m
elements and, therefore, ordðfUj1 ; . . . ;UjmgÞ 6 m 1. Thus, by
Proposition 3.2,
r-dimðQ;XÞ 6 m 1: 
Remark 3.8. We note that the inequality r-dim(Q ,X) 6 m  1
in Proposition 3.7 cannot be replaced by the inequality r-
dim(Q, X) < m  1.
Example 3.9. Let (X, s) be the Alexandroff countable topolog-
ical space, where X= {1,2,3, . . .} and
s¼f;;f2g;f1;2g;f2;3;5;6; . . .g;f1;2;3;5; . . .g;f2;4;5;6; . . .g;
f1;2;4;5; . ..g;f2;3;4;5; . . .g;f2;5;6;7; . . .g;f1;2;5;6; . . .g;Xg:
We observe that
U1 ¼ f1; 2g; U2 ¼ f2g; U3 ¼ f2; 3; 5; . . .g; U4
¼ f2; 4; 5; . . .g; U5 ¼ U6 ¼    ¼ f2; 5; 6; . . .g:
Therefore,
T ¼
1 0 0 0 0 0 0   
1 1 1 1 1 1 1   
0 0 1 0 0 0 0   
0 0 0 1 0 0 0   
0 0 1 1 1 1 1   
0 0 1 1 1 1 1   
..
. ..
. ..
. ..
. ..
. ..
. ..
.
0
BBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCA
:
We consider as Q the set {1,3,4}. Then, we have
1Q ¼
1
0
1
1
0
0
..
.
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
; c1 ¼
1
1
0
0
0
0
..
.
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
; c3 ¼
0
1
1
0
1
1
..
.
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
; c4 ¼
0
1
0
1
1
1
..
.
0
BBBBBBBBBBBBBBBB@
1
CCCCCCCCCCCCCCCCA
;c1 þ c3 ¼
1
2
1
0
1
1
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
j1Q; c1 þ c4 ¼
1
2
0
1
1
1
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
j1Q; c3 þ c4 ¼
0
2
1
1
2
2
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
j1Q;
c1 þ c3 þ c4 ¼
1
3
1
1
2
2
..
.
0
BBBBBBBBBBB@
1
CCCCCCCCCCCA
P 1Q and maxðc1 þ c3 þ c4Þ ¼ 3:
Thus,
r-dimðQ;XÞ ¼ maxðc1 þ c3 þ c4Þ  1 ¼ 3 1 ¼ 2:4. Questions
Question 4.1. Find a characterization for the covering dimen-
sion dim of an Alexandroff space X with cardinality ŒXŒ> x.
Question 4.2. Find a characterization for the relative covering
dimension r-dim of a pair (Q, X), where Q is a subset of an
Alexandroff space X with cardinality ŒXŒ> x.
Deﬁnition 4.3. See [5,6]We denote by dim the (unique) function
with domain the class of all subsets and range the set x [ {1,
1}, satisfying the following condition dim(Q, X) 6 n, where
n 2 {1} [ x if and only if for every ﬁnite open cover c of
the space X there exists a ﬁnite open cover rQ of Q such that
rQ is a reﬁnement of c and ord(rQ) 6 n.
Deﬁnition 4.4. See [5,6]We denote by dim* the (unique) func-
tion with domain the class of all subsets and range the set x [
{1, 1}, satisfying the following condition dim*(Q, X) 6 n,
where n 2 {1} [ x if and only if for every ﬁnite open cover
c of the space X there exists a ﬁnite family r of open subsets
of X reﬁnement of c such that Q ˝ [ {V: V 2 r} and ord(r) 6 n.
Question 4.5. Find characterizations for the relative covering
dimensions dim and dim* of a pair (Q, X), where Q is a subset
of an Alexandroff countable space X.Acknowledgement
We are grateful to the reviewer for a number of helpful sugges-
tions for improvement in the article.
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